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Abstract: We investigate the effect of the cosmological constant on the angular size of
a black hole shadow. It is known that the accelerated expansion which is created by the
cosmological constant changes the angular size of the black hole shadow for static observers.
However, the shadow size must be calculated for the appropriate cosmological observes. We
calculate the angular size of the shadow measured by cosmological comoving observers by
projecting the shadow angle to this observer rest frame. We show that the shadow size tends
to zero as the observer approaches the cosmological horizon. We estimate the angular size
of the shadow for a typical supermassive black hole, e.g M87. It is found that the angular
size of the shadow for cosmological observers and static observers is approximately the same
at these scales of mass and distance.
I. INTRODUCTION
Recent observations of black holes shadow at a wavelength of 1.3 mm spectrum succeeded
in observing the first image of the black hole in the center of the galaxy M87 [1, 2]. Although
the first image of the black hole does not distinguish the black hole geometry clearly, the future
improvement of measurements will lead to a much higher resolution. This will allow us to study
different aspects of cosmological black holes [3]. To this end, one needs to calculate the influence
of different parameters on the shape of cosmological (astrophysical) black holes shadow, e.g ac-
cretion plasma effects [4], semi-classical quantum effects [5], dark matter [6] and the cosmological
expansion [7]. Motivated by the accelerated expansion of the universe, we seek to investigate the
effect of the cosmological constant on the shadow shape.
Dark energy, one of the most important problems in cosmology, is assumed to drive the current
cosmic accelerated expansion. The cosmological constant, Λ, is among the favored candidates
responsible for this acceleration. The cosmological constant has imprints on various phenomena
in structure formation and astrophysics. These effects can appear as the integrated Sachs-Wolfe
effect in the Cosmic Microwave background and large scale structure observables. Moreover, the
cosmological constant can change the luminosity distance in the gravitational wave observations.
Recently, the role of the cosmological constant in gravitational lensing has been the subject of
focused studies [8–16]. It seems there is no general agreement on the final results. The black
hole shadow arises as a result of gravitational lensing in strong gravity regime. Thus, one can
investigate the influence of the cosmological constant on the shadow of black holes. The first
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2attempt to derive the shadow size as measured by the comoving observers was performed by
Perlick et.al [17] using the Kottler metric. Authors in [7] presented an approximate method
based on the angular size-redshift relation for the general case of any multicomponent universe.
Although the cosmological constant correction on the shadow shape of black holes has been
studied in [18–21], choosing the appropriate (cosmological) observer is another issue that one has
to consider.
To study the effect of the cosmological constant in the lensing of a cosmological structure
or shadow of a black hole, one has to model a cosmological structure like a black hole in the
expanding background. There have been many attempts to model a cosmological black hole
(CBH). The authors in [3, 24] have studied the effect of the expanding background. Since a
cosmological structure like a galaxy, a cluster of galaxies or a supermassive black hole in the
center of a quasar have dynamical evolution due to their dynamics or cosmological expansion,
one has to use a dynamical cosmological model to study its lensing [25]. It’s been shown [24]
that the background expansion for CBHs leads to the formation of voids. These voids are formed
between the black hole and the expanding background and prevent the black hole’s matter flux
from increasing. After this phase of the black hole evolution, the black hole can be approximated
as a point mass [23]. As a result, the final stage of evolution can be approximated by a point
mass located in a dark energy dominated background.
There is a well-known solution of the Einstein equation for a point mass black hole in the
presence of the cosmological constant known as Schwarzschild-de Sitter/Kottler spacetime. This
solution is written in static coordinates. To find the geodesic observers we have to apply an
appropriate coordinate transformation to present the Schwarzschild-de Sitter/Kottler spacetime
in the cosmological synchronous gauge [22, 23].
This paper is organized as follows. In section II we introduce a point mass cosmological black
hole. In section III, we calculate the angular size of the shadow in the Schwarzschild-de Sitter
spacetime as measured by a cosmological comoving observer and calculate the different limits.
The conclusion and discussion are given in Section IV.
II. POINT MASS BLACK HOLES METRICS
It is known that the Schwarzschild-de Sitter is a standard metric for the CBH, but
Schwarzschild-de Sitter has been written in the static coordinates. To study the point mass metric
in an expanding background, one needs to find the Schwarzschild-de Sitter metric in the cosmo-
logical coordinates. Since the standard cosmological metrics are written in the synchronous coor-
dinate, one has to transform the Schwarzschild-de Sitter to the synchronous coordinate [22, 23].
The Schwarzschild-de Sitter metric in the static coordinates is given by
ds2 = −Φdt2 + Φ−1dR2 +R2 dΩ2, (1)
where
Φ = 1− Λ
3
R2 − 2M
R
. (2)
3In the weak field limit, one can interpret Λ3R
2 as the cosmological constant potential and compare
it with the gravitational potential of the black hole, M/R for the gravitational interactions. Using
coordinate transformations
dτ = dt−
√
1− Φ
Φ
dR,
dr = −dt+ dR
Φ
√
1− Φ ,
(3)
metric (1) will be written as
ds2 = −dτ2 +
(
2M
R
+
Λ
3
R2
)
dr2 +R2dΩ2. (4)
We need to find R as a function of (r, τ). Using the coordinate transformation (3) yields
τ + r =
∫
dR√
Λ
3R
2 + 2MR
=
2√
3Λ
ln
(
ΛR
3
2 +
√
6MΛ + Λ2R3
κ
)
. (5)
Solving Eq. (5) for R, we get
R =
e
−
√
Λ
3
(r+τ)
(
e
√
3Λ(r+τ)κ2 − 6ΛM
) 2
3
(2κΛ)
2
3
, (6)
where κ is a constant. When M = 0, one can define a new radial coordinate as
R˜ =
(κ
Λ
) 2
3
e
√
Λ
3
r
. (7)
In this coordinate we obtain the de Sitter metric in the synchronous coordinates as
ds2 = −dτ2 + a(τ)2
(
dR˜2 + R˜2 dΩ2
)
, (8)
where a(τ) = e
√
Λ
3
τ
. The four-velocity of the comoving observer, dr = 0, who measures the
proper time τ can be written using transformation (3) in the static coordinates as
Uµ = (
1
Φ
,
√
1− Φ, 0, 0), (9)
Four-acceleration of this observer is zero. Hence, it is called the comoving cosmological observer.
In contrast to the metric introduced in [17], the metric (4) is the appropriate metric in which
r=constant world lines are attached to the geodesic (comoving) observers. The position of each
comoving observer r = contant in static coordinates is given by Eq. (6). In the next section, we
calculate the angular shadow size seen by the cosmological comoving observers.
4III. SHADOW FOR COSMOLOGICAL COMOVING OBSERVER
Before calculating the angular size of the shadow for the cosmological observers, let us present
the result for the static observers from [17]. The shadow is locally seen by a static observer
at a spacetime point (tO, RO, θO = pi/2, φO = 0) outside the black hole horizon and inside the
cosmological horizon 1. The Lagrangian for geodesics in the equatorial plane gives
L(x, x˙) = 1
2
(
−Φ(R)t˙2 + R˙
2
Φ(R)
+R2φ˙2
)
. (10)
The Euler-Lagrange equations for t and φ coordinates give two constants of motion,
E = Φ(R) t˙ , L = R2 φ˙ (11)
where E and L represent the energy and angular momentum of the geodesic. For null geodesics
we have
− Φ(R) t˙2 + R˙
2
Φ(R)
+ R2φ˙2 = 0 . (12)
One can solve (R˙/φ˙)2 = (dR/dφ)2 by using Eq. (11) to get the null geodesics orbits as(
dR
dφ
)2
= R4
(
E2
L2
+
Λ
3
− 1
R2
+
2M
R3
)
. (13)
If we apply the conditions dR/dφ = 0 and d2R/dφ2 = 0, we find that there is a circular null
geodesic orbit at radius R = 3M where the constants of motion for this circular null geodesic
satisfy
E2
L2
=
1
27M2
− Λ
3
. (14)
The boundary of the shadow is determined by the initial directions of last light rays that
asymptotically spiral towards the outermost photon sphere (see Fig (1) ). Using Eq. (14), we
find that
dR
dφ
for the this light ray is given by
(
dR
dφ
)2 = R4
(
1
27M2
− 1
R2
+
2M
R3
)
. (15)
As shown in Fig. (1) the angular radius of the shadow is 2ψ. Since the comoving observer
measures the shadow angle in his rest frame which is orthogonal to his four-velocity vector Uµ,
we have to build the projection onto his rest frame as
hµν = gµν + UµUν . (16)
1 The current value of cosmological constant with astrophysical black holes mass gives two horizons for the
Schwarzschild-de Sitter metric. One horizon is known as the black hole horizon and the other is known as
the cosmological horizon. The cosmological observer is located between two horizons in the static coordinates.
If the observer is located outside the cosmological horizon, no light gets to this observer
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FIG. 1: Black hole shadow relative to the cosmological comoving observer. δ is the observer’s position
vector and d represent the vector tangent to the photon path. Uα is the comoving observer velocity. The
static observer measures ψ.
We consider a null geodesic in the θ = pi2 plan. The observed shadow angle is given by the inner
product of the observer position vector denoted by δµ and the tangent to the photon trajectory
denoted by d. In these coordinates, δµ = (0, Ro, 0, 0) and d
µ = dφ(0, A, 0, 1) where A = dRdφ on the
null geodesics. As Ishak and Rindler have shown [9], one can calculate the bending angle using
the invariant formula for the cosine of the angles between two directions d and δ. This gives
cosψ =
d.δ
|d||δ| =
A√
A2 + ΦR2
, (17)
where dot denotes the inner product. For the static observers of the Schwartzchild-de Sitter
spacetime, one can show
sin2 ψ =
(
1− 2MR − Λ3R2
)
1
27M2
− Λ3
(18)
[17]. As stated, each observer measures the angles in his rest frame. To calculate the shadow
angular size relative to the cosmological comoving observer, we have to project these two vectors
to his rest frame which is perpendicular to the Uµ as
dµU = h
µνdν , δ
µ
U = h
µνδν . (19)
It’s been shown that the projection effects are important in measuring cosmological observables
6[26]. The angle measured with respect to this observer is given by
cosψU =
dU .δU
|dU ||δU | =
dµδµ + (d.U) (δ.U)√
dµdµ + (d.U)
2
√
δµδµ + (δ.U)2
. (20)
Expanding this equation and using grr =
1
Φ and gφφ = R
2, we get
cosψU =
cosψ
√(
dR
dφ
)2
/Φ +R2
√
Φ + (1−Φ)Φ
(
dR
dφ
)
√(
dR
dφ
)2
/Φ2 +R2
(21)
where for photons starting on the photon sphere
(
dR
dφ
)
= R2
√
1
27M2
− 1
R2
+ 2M
R3
. Note that
the observed angle is calculated at the observer position, RO. The Eq. (21) relates the angle
measured by the static observers to the comoving observers..
The black hole horizon and cosmological horizon in Schwarzschild-de Sitter spacetimes are
located where Φ(R) = 0. The observer at the black hole horizon, where we have Φ = 0, sees
ψU = pi. For an observer on the black hole photon sphere R = 3M , we have
cosψU =
√
1
3
− 3M2Λ cosψ. (22)
Since the static observers see ψ = pi/2 at R = 3M , the comoving observer also obtains ψU = pi/2.
If the observer is located on the cosmological horizon, we have Φ = 0. In this case, we find that
ψU = 0. Our result differs from the result in [17] because they used a different observer.
To illustrate the cosmological constant effect on the shadow angle we have plotted the shadow
angle as a function of distance for two different values of the cosmological constant in Fig. 2.
We have used M = 1 in the calculations. One can see that the bigger value for the cosmological
constant decreases the shadow angle size. This result agrees with the result in [7]. It is because
the cosmological constant increases the angular diameter distance.
In order to estimate the cosmological constant effect on the shadow angle, let us calculate the
shadow angle for the black hole in M87. If we evaluate the Eq. (21) for the black hole M87 with
mass, 6.5× 109M, and distance, R = 16.4Mpc, we get
cosψU ∼
(
1 +O(10−7)) cosψ. (23)
Given that the current resolution for present-day VLBI technology allows only to resolve angles
of a few dozen microarcseconds, we don’t need to consider the projection effects to interpret
the shadow observations. This is true as long as our distance to the black hole is less than
RO Λ
2  10−2, which gives a small value of the cosmological constant potential.
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FIG. 2: The observed shadow angle (ψU ) for the comoving observer as a function of distance. The blue
curve is for Λ = 0.1 and the red curve for Λ = 0.05. The shadow angle decreases faster for the larger value
of the cosmological constant. On the horizon, we have ψU = 0. We have set M = 1.
IV. CONCLUSION AND DISCUSSION
The existence of the cosmological constant changes the angular size of the black hole shadow
for the comoving cosmological observers. Our work provides a possible tool to calculate the effect
of the cosmological constant on the shadow size. Projecting the shadow angle to this observer
rest frame, we calculated the shadow size observed by the comoving cosmological observers. In
accordance with this article analysis, both observers see the shadow angular size 2ψ = pi on the
black hole photon sphere at R = 3M . As the observer moves away from the black hole horizon
towards the cosmological horizon, the shadow angle decreases to ψU = 0 on the cosmological
horizon. Our result differs from the result in the reference [17] because we used the synchronous
form of the metric (4) in which r = constant world lines are geodesics.
Using the mass and distance value for the supermassive black hole M87, one gets cosψU ∼(
1 +O(10−7)) cosψ. The current resolution for the present-day VLBI technology allows only
to resolve angles of a few dozen microarcseconds. As a result, we don’t need to consider the
projection effects to interpret the shadow observations. This is true as long as our distance to
the black hole is less than RO Λ
2  10−2 which gives a small value of the cosmological constant
potential.
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